Similarity relations applied to ice cloud radiance calculations are theoretically analyzed and numerically validated. If t(1-v) and t(1-vg) are conserved where t is optical thickness, v the single-scattering albedo, and g the asymmetry factor, it is possible that substantially different phase functions may give rise to similar radiances in both conservative and non-conservative scattering cases, particularly in the case of large optical thicknesses. In addition to theoretical analysis, this study uses operational ice cloud optical 1/2 , also tend to be similar.
Introduction
The similarity relations for the radiative transfer processes under different atmospheric conditions have been extensively investigated (e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] ). In particular, van de Hulst proposed the similarity relations for the transfer of radiation (e.g. [1] [2] [3] [4] ) primarily in the case of flux calculations. For the diffuse radiation field in the deeply diffusive regime within a scattering medium such as a cloud layer, the radiance can be expressed as [2] I(τ, µ) = c 1 h(µ)e −kτ + c 2 h(−µ)e kτ ,
where I is the scattered radiance, t is the optical thickness, and µ (-1<µ<1) is the direction cosine with respect to the zenith direction. k is an eigenvalue, known as the diffusion exponent, which can be interpreted as the inverse of diffusion length. h(µ) is the eigenfunction referred to as the diffusion pattern [2] . If all h(µ) and kt are invariant, the solution for the radiance given by Eq. (1) will be invariant as well.
The relevant multiple scattering calculations may show similar flux and radiance for two clouds if the quantities vt(1-g) and (1-v)/k are conserved, where g is the asymmetry factor of the phase function of a homogeneous scattering atmosphere layer and v is the single-scattering albedo [3] . Sobolev [12] discussed the similarity relations between anisotropic scattering and isotropic scattering. Chandrasekhar [13] also reported a similar study in the case of conservative scattering (i.e. v=1) [13] . van de Hulst [4] presented two simple similarity relations based on the similarity of Eq. (1) for two different scattering atmospheres. Specifically, the planetary and spherical albedo [14] may be conserved if the following two relations are satisfied:
and t(1-vg)=t¢ (1-v¢g¢) .
The difference between the above two equations [specifically, Eq. (3) minus Eq. (2)] leads to the following relation:
vt(1-g)=v¢t¢(1-g¢).
Note that, regarding radiative transfer similarity, Eq. (3) was used by Joseph et al. [15] and Eqs. (2) and (3) are used by Twomey and Bohren [16] in their respective studies.
As pointed out by Twomey and Bohren [16] , (1-g ) is a factor related to the average degree of deviation of scattering from the forward scattering. As an approximately invariant quantity shown by Eq. (4), the quantity vt(1-g) is referred to as the effective scattering optical thickness. Moreover, it is obvious that t(1-v) indicates the absorption optical thickness. The quantity t(1-vg), given by the sum of t(1-v) and vt(1-g), is referred to as the effective optical thickness, which is a manifestation of the fact that the extinction coefficient is the sum of the absorption coefficient and the scattering coefficient.
McKellar and Box (1981) [8] presented the condition under which the two solutions to the radiative transfer equation (RTE) with distinctly different optical thicknesses and phase functions may be identical.
In addition, they explained the connections between the similarity relation proposed by van de Hulst [4] and an invariant scaling of the RTE. Previous studies, except the work by Platnick et al. [17] who discussed the ice cloud optical thickness retrieval differences arising from two different ice radiative models, focus essentially on enhancing the computational efficiency of flux, spherical albedo, and radiance computations based on similarity relations. For example, the Delta-Eddington approximation proposed by Joseph et al.
[15] and the Delta-M method developed by Wiscombe [18] accelerate the flux computation. King [19] and King and Harshvardhan [20] discuss similarity relations in asymptotic theory. Iwabuchi [21] scales optical thickness, single-scattering albedo, and phase function based on the similarity relation to improve the ray-tracing efficiency in a Monte Carlo radiative transfer model. Cahalan et al. [22] show the similarity of nadir radiance computed by 3D radiative transfer models involving scaled cloud optical properties.
However, the degree of similarity in radiance simulations in conjunction with two different phase functions that are strongly anisotropic (e.g., the phase functions associated with ice clouds at visible or near-infrared wavelengths), and the implications of the similarity relation in some practical applications such as remote sensing are not well quantified.
This study focuses on the analysis and validation of radiative similarity relations in the case of ice clouds by using radiative transfer modeling capabilities and satellite-based cloud property retrievals. In Section 2, the theoretical and numerical validations of the similarity relations are presented. Section 3 indirectly validates the similarity relations using remote sensing data and discusses their application in interpreting cloud property retrieval results. Section 4 summarizes and presents conclusions of this study.
Theoretical and numerical validation
The RTE in a plane-parallel scattering atmosphere without thermal emission is
where P is the phase function, f and f¢ are viewing and incident azimuth angles, and µ and µ¢ are viewing and incident zenith angles. Multiplying the n-th order Legendre polynomial p n (µ) and integrating with respect to µ and f on both sides of Eq. (5), we obtain
According to the addition theorem of spherical harmonics, the phase function can be expanded as
where d m0 is the Kronecker delta, p n m is the associated Legendre polynomial, and C n is the expansion coefficient. Utilizing the orthogonality of the cosine function and Legendre polynomial, from Eqs. (6) and (7), we obtain
For a different atmosphere, Eq. (8) can be given, with relevant radiative quantities denoted by prime symbols, in the form:
If I(t, µ, f) and I¢(t¢, µ, f) in Eqs. (8) and (9) are equal, it follows from Eqs. (8) and (9) that we must have the following relation:
which can be rearranged in the form
Eq. (11) is the same as the invariant scaling condition reported by McKellar and Box [8] , who used a different derivation. The cases with n = 0 (C 0 =1) and n = 1 (C 1 =3g) in Eq. (11) correspond to Eqs. (2) and (3), respectively. For two arbitrary phase functions, it is essentially impossible to satisfy Eq. (8) for all n.
However, Eqs. (2) and (3) can be satisfied, leading to similar results in radiative transfer simulations.
In this study, the DIScrete Ordinate Radiative Transfer model (DISORT) [23] is implemented with 256 streams to compute the radiation field of a single ice cloud layer with collimated incoming solar radiation as the source. Since we focus on the scattering property of the cloud layer, the surface reflection is not considered and, thus, is set to zero in the computation. Viewing zenith angle 0° is defined as upward so the downward normal direction is 180°. The Moderate Resolution Imaging Spectroradiometer (MODIS)
Collection 5 (C5) and Collection 6 (C6) ice cloud optical property models are used in the calculations. The C5 ice cloud model is a mixture of multiple ice particle habits [24] and the C6 model represents all ice particles as severely-roughened aggregated hexagonal columns [17, 25] . The phase functions of the C5 and C6 models in MODIS spectral band 2 (0.86 µm central wavelength) and band 7 (2.13 µm central wavelength) are shown in Fig. 1 for an effective particle radius of 30 µm. Obviously, the C5 and C6 phase functions are quite different. The C5 phase function has apparent peaks in both the forward and backward 7 scattering directions, whereas the C6 phase function is much smoother. The corresponding single-scattering albedos and asymmetry factors of the C5 and C6 models are shown in Fig. 2 . In band 7, their single-scattering albedos are different, particularly for large sizes. The asymmetry factors of the C5 phase functions are larger than C6 in corresponding bands except for quite small particles. The following numerical results will show that even though the C5 and C6 models are different, the radiative transfer computations with the two models may give similar results if Eqs. (2) and (3) are satisfied. In the present radiative transfer computations, the effective optical thickness t(1-vg) and absorption optical thickness t(1-v) are conserved but optical thickness t is different for the C5 and C6 models because they have different asymmetry factors and/or single-scattering albedos, as illustrated in Fig. 2 . In MODIS band 2, the ice cloud does not absorb light (v = 1). Thus, the calculation in band 2 is equivalent to assuming t(1-g) invariant, and Eq. (2) is automatically satisfied since v is essentially unity for both the C5 and C6 models. Ice cloud is absorptive in band 7 (v < 1) so both t and v should be scaled to satisfy Eqs. (2) and (3) concurrently, which suggests that the quantity
is conserved. s is referred to as the similarity parameter, following van de Hulst [4] . The single-scattering albedo of the C5 model in band 7 is scaled by keeping s invariant. (2) and (3) are satisfied, and the relative differences are less than 8% for most viewing zenith angles in the case of large optical thickness (t >2). For other solar zenith angles and relative azimuth angles, the relative differences are also smaller than 8% for most viewing zenith angles, except in the case of grazing incidence (near 90°) where the reflectance is dominated by single scattering. angles. The large differences in forward scattering directions are partly due to the limitation of the DISORT code. In DISORT, the TMS [26] method is used to correct the single scattering calculation, which makes the radiative transfer calculation more accurate in other scattering directions but introduces a large bias in forward scattering directions [27] . The similarity also depends on optical thickness. Fig. 5 compares the C6/C5 phase function ratio and the C6/C5 reflectance ratio with various effective optical thickness t(1-vg). For small effective optical thickness (e.g., 0.01 in Fig. 5 ), the reflectance ratio patterns are similar to the phase function ratio pattern because single scattering dominates the reflectance for optically thin clouds. As the effective optical thickness increases, the reflectance ratio curves become smooth, and in fact converge when the effective optical thickness is 2 (t @ 10) or greater.
For large effective optical thickness, in the case of conservative scattering (band 2), the C6/C5 reflectance ratio is nearly unity and tends to be independent of scattering angle whereas in the case of non-conservative scattering (band 7), the ratio still shows an angular dependence. For non-conservative scattering, the total energy of scattered light will decrease due to absorption each time a scattering occurs so that only low-order scattering events contribute to the reflected light, which has stronger angular dependence. In contrast, for conservative scattering, high-order scattering events contribute comparably to the reflected radiation, which results in more isotropic reflectance. If the optical thickness t is conserved, the band 2 reflectivity based on the C6 ice model (R 2,C6 ) is apparently larger than that based on the C5 ice model (R 2,C5 ), as shown in the left panel of Fig. 6 . If the effective optical thickness t(1-vg) is conserved, R 2,C5 and R 2,C6 are almost identical, as shown in the right panel of Fig. 6 . Because the C6 ice model gives a smaller asymmetry factor than the C5 ice model in band 2 (see Fig. 2 ), the same reflectivity in band 2 corresponds to smaller optical thickness if the C6 model, rather than C5, is used in the calculation in comparison. is smaller than C5 as shown in Fig. 2 . Though one of the similarity relations (Eqs. (2) and (3)) is satisfied, as shown in Fig. 7(b, c) , R 7,C6 is still larger than R 7,C5 . Only if both Eqs. (2) and (3) are satisfied, which implies the similarity parameter s is invariant, R 7,C6 are R 7,C5 are almost identical as shown in Fig. 7(d) . The implications of the radiative characteristics shown in Figs. 6 and 7 will be further illustrated in section 3 from the perspective of retrieving ice cloud optical thickness and effective particle size. 
Validation using remote sensing data
In this section, the MODIS operationally retrieved ice cloud optical property datasets based on the C5 and C6 ice cloud models are used to validate the above analysis of the similarity conditions. For these operational products, ice cloud optical thickness and effective radius are retrieved simultaneously from MODIS Level 1B reflectance data with a bi-spectral-band retrieval algorithm [28] . The C5 and C6 ice cloud models described above are used to compute the Look-up Tables (LUTs) in the operational MODIS retrieval implementation. The Level 1B reflectance data used in C5 and C6 cloud optical property re-trievals are slightly different due to updated reflective solar bands calibration implemented in the C6 product [29] . In the granule used in the study, band 2 and 7 reflectance differences between C5 and C6 data are less than 0.001, so the retrieved C5 and C6 ice cloud optical properties can be assumed to correspond to the same radiation field.
A. Data
The optical property data are from one granule of Aqua MODIS Level 2 C5 and C6 cloud products Fig . 10 shows the relation of the scaled (effective) optical thickness t(1-vg) for the C5 and C6 ice cloud optical thicknesses retrieved using MODIS band 2. t is scaled to band 1 (0.67 µm), and v and g for each pixel correspond to the retrieved effective size for each pixel and the respective ice cloud model. The distribution of t(1-vg) data points is symmetrical around the one-to-one ratio line. This implies that similar t(1-vg) values can give similar radiation fields. In a bi-spectral-band retrieval algorithm, the non-absorptive band mainly determines the optical thickness [28] , so the similarity of the t(1-ωg) values is consistent with the analysis in Section 2. In addition, the two data branches lie on two sides of the one-to-one ratio line and the broadening of the relation is obvious. The effective optical thickness retrieved in band 1 is also conserved (not shown). To further investigate the angular dependence of the t(1-vg) relation between the two datasets, the C6/C5 t(1-vg) ratio is plotted in the right panel of Fig. 11 . The C6/C5 t(1-vg) ratio centers on unity and has nearly the same angular dependence as the C5/C6 phase function ratio in the left panel. This is due to the low-order scattering contribution, which is analyzed in Section 2. In retrievals, the observed reflectance is compared with the computed reflectance to obtain effective optical thickness. Therefore, the C6/C5 effective optical thickness ratio also has a similar angular dependence as the C5/C6 phase function ratio.
B. Results and analysis
The angular dependence can also explain the two data branches shown in Figs. 9 and 10. Fig. 12 shows the viewing geometry and scattering angle distributions of the two data branches for effective optical thicknesses larger than 3. In Fig. 12(d) , upper and lower branches have obviously distinct scattering angles due to varied solar zenith angles, sensor zenith angles, and relative azimuth angles. The upper branch mostly have scattering angle 140°~160° whereas the lower branch mostly have 110°~140° scattering angle. The two angle ranges coincide with the maxima and minima of the C6/C5 t(1-vg) ratio, and the C5/C6 phase function ratio shown in Fig. 11 .
Compared with the phase function ratio in the left panel of Fig. 11 , the effective optical thickness ratio in the right panel has a smaller amplitude of variation, which is consistent with Fig. 5 . The ice cloud pixels in the selected granule have moderate optical thickness, so multiple scattering events contribute to some fraction of the reflectance, which is less angularly dependent. Thus, the retrieval yields smoother effective optical thickness ratios. Moreover, Fig. 11 suggests a stricter similarity condition. If the relation between t and t¢ is defined to be angle-dependent rather than constant as in Eq. (3), the radiative transfer calculation may then be the same. In the MODIS cloud product, ice cloud effective radius is retrieved simultaneously together with ice cloud optical thickness. Fig. 13 compares the C5 and C6 ice cloud effective radius retrieval. The C6 ice cloud effective radius retrievals are larger than the C5 counterpart, and they also have a largely linear relationship, though it is not as apparent as in the case of the optical thickness. Ice cloud effective radius retrieval is mainly dependent on the absorption band (band 7 here). The similarity parameters in band 7 are derived from the C5 and C6 v and g corresponding to the respective retrieved ice cloud effective radius. The comparison of the similarity parameters is shown in Fig. 14 . The distribution of the s values is centered on the one-to-one ratio line. This is consistent with Fig. 7(d) , where the same similarity parameters correspond to similar reflectivity in band 7. Fig. 15 shows the similarity parameter s of the C5 and C6 models in band 7 versus effective radius. The same s value corresponds to a larger effective radius of C6 than C5. This is why the MODIS C6 product has larger ice cloud effective radius retrieval than the MODIS C5 counterpart. Note that the product of r e and t is proportional to ice water path (IWP) [31] :
In Eq. (13), r is the density of ice, and áQ ext ñ is the averaged ice cloud particle extinction efficiency defined in the form
where áQ ext ñ is approximately 2 because ice particle sizes are much larger than the incident light in visible to near IR bands, A is the ice cloud particle projected area, and n is the particle size distribution. Fig. 16 shows the comparison between MODIS C5 and C6 IWP datasets. It can be seen that IWP is invariant although the MODIS C5 and C6 optical models are quite different. At present, we are not able to fully comprehend the mechanism in conjunction with the IWP invariant property although we notice that the MODIS C6 product generally has smaller ice cloud optical thicknesses and larger effective radii than the MODIS C5 product (note, IWP ~ tr e ). Further research is necessary to understand the invariant characteristics of IWP. As pointed out in [17] , the principle of similarity for the effective optical thickness in a non-absorbing band can be utilized to estimate ice cloud optical thickness retrievals with a different ice cloud model. For example, the MODIS retrievals with the C6 model are now operational. If there is a new model that should be evaluated with the same retrieval scheme, one does not need to perform the retrieval, but can just use the quantity 1-g in a non-absorbing band of the two models to estimate the new retrieved ice cloud optical thickness from Eq. (3). Ice cloud effective radius retrievals by the new model can also be estimated in a similar way. First, use the C6 ice cloud effective radius data, and C6 ice cloud model single-scattering albedo and asymmetry factor, to get the similarity parameters of the ice cloud pixels. Then one maps the similarity parameters to the new model and obtains the new estimated ice cloud effective radius.
Summary and conclusion
In this study, the similarity relations in radiative transfer computations are reviewed and validated for radiance calculations. As McKellar and Box [8] pointed out, the similarity relations given by Eqs. (2) and (3) are approximations of the scaling group of the RTE. In a physical view, Eq. (2) implies that the absorption optical thickness is conserved and Eq. (3) implies that the distribution of scattered light should be roughly consistent. For conservative scattering, both sides of Eq. (2) are zero so that the two conditions can be satisfied for two different phase functions only by scaling optical thickness, whereas for non-conservative scattering, both single-scattering albedo and optical thickness should be scaled. The similarity parameter defined in Eq. (12) combines Eqs. (2) and (3), and is a similarity condition for non-conservative scattering.
The DISORT radiative transfer model is implemented with 256 streams to calculate reflectance and transmittance of a single layer ice cloud with the C5 and C6 ice cloud models by keeping Eqs. (2) and (3) invariant. Results show that both reflectance and transmittance are similar for the two MODIS ice cloud models in bands 2 and 7. Furthermore, the similarity also depends on the optical thickness. The results of the two ice cloud models become closer when optical thickness increases and tend to an asymptotic value.
With a large optical thickness, the reflectance of the C5 and C6 models is nearly isotropic in band 2 but not in band 7. According to the physical mechanism of multiple scattering, high-order scattering that is more isotropic significantly contributes to reflectance in a non-absorbing band, whereas the reflectance in an absorbing band is mainly determined by low-order scattering that is anisotropic. In addition, ice cloud reflectivity is simulated in bands 2 and 7 with random MODIS viewing geometry and optical thickness based on the C5 and C6 models. In band 2, if the optical thickness is invariant, C6 reflectivity is larger than C5 whereas if the effective thickness is invariant, the C5 and C6 reflectivities are nearly identical. In band 7, if Eqs. (2) and (3) are satisfied concurrently, which implies that the similarity parameter is conserved, the C5 and C6 reflectivity values are nearly identical.
To further investigate the similarity relation and its effect on remote sensing, we analyze the similarity between the operationally retrieved ice cloud optical thickness and effective radius using MODIS C5 and C6 Level 2 cloud property datasets. The C6 ice cloud optical thickness is smaller than C5, and they have roughly a linear correlation between them. In contrast, the effective optical thicknesses t(1-vg) in band 2 are similar for the C5 and C6 datasets, and their ratio is around one with some broadening. The C6/C5 t(1-vg) ratio is also a function of scattering angle, and its variation has nearly the same pattern as the C5/C6 phase function ratio. This suggests a stricter similarity relation than Eq. (3). If the two optical thicknesses have a relation with similar angular dependence, the radiative transfer calculation results can be the same. The angle-dependent relation should be related to the phase functions.
The similarity parameters in band 7 are derived from the C5 and C6 single-scattering albedo and asymmetry factor corresponding to their respective retrieved ice cloud effective radius. Though their ice cloud effective radii are significantly different, the derived similarity parameters are similar. Since the C6 model has a smaller s than the C5 model in band 7 at the same size, the C6 ice cloud effective radius is larger than the C5 counterpart. Because of the similar scales of the C5 and C6 ice cloud optical thickness and effective radius differences, the corresponding IWP retrievals are nearly identical. Furthermore, the similarities of t(1-vg) and s can be utilized to estimate the retrieved cloud optical thickness and effective radius if using a new ice cloud model. As such, ice scattering properties as a function of effective size are provided in the C6 MOD06 file for all relevant spectral bands used in the retrievals, allowing for scaling to 27 user-specific ice radiative models.
